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QUESTION ONE

(a) Find all the real solutions of the following equation:

3 3_ 2 _ 4 2
\/125x 5x7+11x 3:\/54;( +12

(b) Find all the complex solutions of the following equation:

2+1
z7=2- .1
iz
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“ <71 (c) How many different complex solutions does the equation z°°%° = 7 have?

Justify your answer.

R Note: as real numbers and purely imaginary numbers are both subsets of the complex numbers,
you should consider them also.
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(d)

Let z = rcis @ be a complex number with 7 > 1and 0 < 8 < %

Let the point A represent z in the Argand diagram and the points B, C, and D represent

the complex numbers Z, 7 and iz respectively.

If ZABC =60° and BC = 1.5, find the area of the quadrilateral ABCD.
Use the Argand diagram below to support your working.

Imaginary
N

€ > Real
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QUESTION TWO

(a) A function is defined parametrically by the equations:

x=2t+1*
y=p@)
where:
s p=a+b?+ct+d
. p(1)=25
- p)=6
d2y
Given that 02 =7 A+ find the value of p(2).
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(b) A function f is said to be odd if f(—x) = —f(x) for all x in its domain.
Examples of odd functions include f(x) = x* and f(x) = sin (x).

Consider an odd function f'that satisfies the condition f(1 —x) =f(1 + x) for all real numbers.

Given that £(1) = 2025, find the value of /(1) + f(2) + ... + f(2025).
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10
(c) Consider the cubic function f(x) = ax® + bx*> + cx + d.
The points A(2,4), B(3,9), and C(4,16) all lie on the graph of the cubic, as shown.

J&)

Suppose that the lines AB, AC, and BC intersect the cubic again at points D, E, and F,
respectively, and that the sum of the x-coordinates of D, E, and F is 25.

Find the y-intercept of the cubic.

Hint: consider the function g (x) = f(x) — x* in factorised form.
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QUESTION THREE

1
(a) Prove that ———— = secx(secx —tanx).
1+ sinx

Hence, or otherwise, find the exact value of:

5 1
[——
o 1+sinx

(b) (1) It can be shown that tan(%) =J/2 1.

Find a similar expression for tan(%).

Show all working.
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(i1)) Hence, or otherwise, find all real solutions of the following system of equations in exact

form:

tan(%)tany =J/2 -1
X

tan(5+y>— 1+\/§
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A local council wishes to supply internet to an island 30 km from the mainland. One option
involves running a cable between point A on the island and point B on the mainland, 40 km
further down the coast, as shown below.

NOT to scale

The cost to run a submarine cable under the water is $/ per km, and the cost to run an
underground cable on the mainland is $L per km, where W > L.

Use calculus to determine how the cable should be installed to minimise the overall cost of this
option for two distinct scenarios:

. W=135L
. W=12L
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QUESTION FOUR

(a) The graph below shows y = sin"!(x), the inverse sine function, on its domain —1 <x <1.

SIE]

(1)  Evaluate the definite integral:
1
/0 sin~! (x) dx
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If x = siny, show that:
dy 1
dx /1«2
Hence, or otherwise, find the minimum value of g(x) = sin~1(2x) + sin™! (

You may assume that your answer is indeed a minimum.
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1

. . 1 . "
(b) Consider the function f(x) = <—r)r+ - x", where r is a positive, real constant, and x > 0.
r

Find the value of r for which f(x) is a solution of the differential equation f” (x) = f ' (x).

Note: if  and 7! are inverse functions, it can be shown that f ( f -l (x)) =x
for all x in the domain of /.
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(c) The graph below shows part of the graph of A (x) = sin(e”).

h(x)

(i)  Find the value of lim_ h(x) and lim h(x), or state clearly if any do not exist.

Support your answer with mathematical reasoning.

(i) Find the exact value of a that generates the maximum value of the definite integral:
Y 1 . x
= fa sin(e”)dx

You may use the graph above to justify your answer.
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Extra space if required.
Write the question number(s) if applicable.

QUESTION
NUMBER
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Extra space if required.
Write the question number(s) if applicable.
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Extra space if required.
Write the question number(s) if applicable.

QUESTION
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